A finite-dimensional Port-Hamiltonian formulation for the dynamics of smooth open channel flows is presented. A numerical scheme based on this formulation is developed for both the linear and nonlinear shallow water equations. The scheme is verified against exact solutions and has the advantage of conservation of mass and energy to the discrete level.
Introduction
Port based network modelling of complex lumped parameter physical systems naturally leads to a generalized Hamiltonian formulation of the dynamics. The resulting class of open dynamical systems are called "Port-Hamiltonian" systems [17] which are defined using a power conserving interconnection structure called Dirac structure, the Hamiltonian and dissipative elements. Such a generalized Hamiltonian formulation, called "Port-Hamiltonian" formulation, has been successfully extended to classes of distributed parameter systems by introducing an infinite-dimensional Dirac structure based on Stokes' Theorem. The key aspect of this formulation is that it allows a nonzero energy flow into the spatial domain through its boundary using Dirac structure, whereas the standard Hamiltonian formulation assumes a zero energy flow through the boundary using Poisson structure [12] . The Port-Hamiltonian formulation is also effectively used towards control design by using energy shaping methods. The technique relies on constructing a Lyapunov function by using the energy function of the system together with the conserved quantities called Casimirs [14] .
The Port-Hamiltonian formulation can be directly applied to model infinite-dimensional fluid dynamical systems containing all its physical conservation laws such as mass, momentum and energy (Hamiltonian) [13] . But for practical purposes, it is crucial to approximate these infinite-dimensional systems by a finite-dimensional system in such a way that it is again a Port-Hamiltonian system. The finite-dimensional approximation should be such that it conserves most of the physical quantities of its infinite-dimensional counterpart. The resulting numerical scheme would then accurately capture the physics of the fluid dynamical system. To devise such a numerical scheme based on finite dimensional Port-Hamiltonian formulation, we choose a particular example of fluid flows namely open channel flows.
The one-dimensional shallow water equations governing open channel flows are the depth averaged approximations of the two-dimensional Navier-Stokes equations. They are a direct consequence of the conservation of mass and momentum and obey the conservation of energy for smooth flows but dissipate energy for non-smooth flows in the form of bores and hydraulic jumps. Many numerical methods exist for these equations such as finite volume methods [4, 5] and discontinuous Galerkin finite element methods [2, 3, 15] . These numerical methods follow mass and momentum laws of balance, but they may not follow energy balance even in the smooth regions of a flow. Hence, we propose the use of the framework of Port-Hamiltonian systems which follows energy balance law. Such a framework has implications towards the meteorological and oceanographic studies on geophysical flows, where the numerical schemes that conserve the energy are of great importance (for example follow [6, 7, 11] ).
A new numerical scheme based on a finite-dimensional Port-Hamiltonian formulation for the dynamics of shallow open channel water flow is the aim of the present paper. A shallow water channel with topography is first modelled as an infinitedimensional Port-Hamiltonian system defined with respect to a Stokes-Dirac structure. Consequently, the system obeys a power conserving property, which is naturally equivalent to the energy balance, expressed in terms of power port variables called flows and efforts of the fluid dynamical system. For shallow water system, the flows are rate of change of water depth and velocity, the efforts are discharge and Bernoulli's function, and the shallow water equations are a direct consequence of the relation between flows and efforts captured by the Stokes-Dirac structure.
To model the shallow water canal as a finite-dimensional Port-Hamiltonian system, we tessellate the spatial domain with finite elements and approximate the flow variables with cell averages and effort variables with continuous piecewise linear polynomials. Such a choice of different approximation spaces for flows and efforts ensures the compatibility of the flow-effort relation in Stokes-Dirac structure which are ordinary differential equations. Further, the continuity of efforts ensure the conservation of flow quantities. Consequently, each finite element will be a finite-dimensional Port-Hamiltonian system satisfying a power conserving property per finite element. We then enforce a discrete energy balance in the system by summing up the power conserving relation of all the finite elements. This effectively give rise to an algebraic relation between the efforts and the corresponding discrete co-energy variables. Thus, the finite-dimensional Port-Hamiltonian system for a shallow water channel consists of a system of differential-algebraic equations.
The ordinary differential equations arising from the Port-Hamiltonian formulation are further discretized in time using an implicit mid-point time discretization. This time discretization is a second-order symplectic method and well-suited for a Hamiltonian system. After time discretization, the ODE's are transformed into nonlinear algebraic equations which are then solved by integrating them in pseudo-time using a five stage Runge-Kutta scheme until a steady state is reached in pseudo-time [2] . The numerical scheme is verified against several idealized exact solutions to show that it is first-order accurate and accurately conserves the energy.
Infinite Dimensional Port-Hamiltonian Formulation
The Port-Hamiltonian formulation of fluid dynamical systems (Maschke and van der Schaft [10] , and Van der Schaft and Maschke [16] ) is an extension of the Hamiltonian formulation incorporating non-zero flow through boundaries. Here, we present such a Port-Hamiltonian formulation for open channel or canal water flows in one dimension.
Shallow water model
The dynamics of flow through an open channel of length L is governed by the shallow water equations which in one dimension read as
with h(t, x) the water depth, u(t, x) the depth averaged velocity, Q = hu the flow discharge, B = u 2 /2 + g(h + b) the Bernoulli function and b(x) the channel bed height measured from a fixed reference level. The shallow water equations (1) are completed together with the initial conditions h(0, x) = h 0 (x) and u(0, x) = u 0 (x), and inflow, outflow, solid wall or periodic boundary conditions at x = 0 and x = L. The total hydraulic energy (or Hamiltonian) in the open channel is
Preliminaries of differential geometry
The Port-Hamiltonian formulation is convenient in a differential geometric framework. Therefore, for one-dimensional problem we introduce the differential zero and one forms. By definition, zero forms are functions that can be evaluated at any point on the domain and one forms are objects that can be integrated over any part of the domain. Now, the following operators relate zero and one forms:
1. Exterior derivative: Consider a zero form or function f (x) ∈ R and a one form g defined as g := (∂f /∂x)dx which in coordinate-free language is given as g = df , where d(·) is called the exterior derivative transforming zero form to one form. 3. Wedge product: Given a zero form f and one form g, the wedge product f ∧g is defined as f ∧ g := f g which is again a one form.
For more general definitions of these operators in n-dimensions, we refer to [1] . Further, we denote the set of zero forms as W 0 (Ω) and the set of one forms as W 1 (Ω).
Stokes Dirac structure
The Port-Hamiltonian formulation is based on the concept of a Dirac structure which is a geometric object formalizing the power conserving interconnections [17] .
Definition 1. Let V be a linear space (possibly infinite-dimensional). There exists on V × V * the canonically defined symmetric bilinear form
with f i ∈ V, e i ∈ V * , i = 1, 2 and <|> denoting the duality product between V and its dual subspace
where ⊥ denotes the orthogonal complement with respect to the bilinear form ≪, ≫.
Let now (f, e) ∈ D = D ⊥ . Then as an immediate consequence of (3),
Thus for all (f, e) ∈ D we have < e | f >= 0, expressing power conservation with respect to the dual power variables f ∈ V and e ∈ V * .
To define the Stokes-Dirac structure for the shallow water equations (1), we first associate the energy variables water depth h(t, x) and velocity u(t, x), with one forms as (h, u)dx ∈ V 1 (Ω); and co-energy variables, Bernoulli function B and discharge Q,
where, W 0 (Ω) and W 1 (Ω) is the space of zero and one forms, respectively. Now, the rate of energy variables, i.e., f h := −(∂ t h)dx and f u := −(∂ t u)dx, are called flows; and the co-energy variables, i.e., e h := δ h H = B and e u := δ u H = Q, are called efforts. Furthermore, the values of the Bernoulli function B and the discharge Q evaluated at the boundaries would also constitute to the flow and effort variables at the boundary as f b = B| ∂Ω ∈ W 0 (∂Ω) and e b = −Q| ∂Ω ∈ W 0 (∂Ω) with W 0 (∂Ω) the space of zero forms on the boundary. Consider the linear space of flow variables F = V 1 (Ω) × W 0 (∂Ω) and effort variables E = V 0 (Ω) × W 0 (∂Ω) together with the bilinear form
where
E the efforts and i = 1 or 2. It has been shown in [16] that D ⊂ F × E defined as
is a Stokes-Dirac structure, i.e., D = D ⊥ , with respect to the bilinear form ·, · defined in (6) and thus defines an infinite-dimensional port-Hamiltonian system. The flow-effort relation in (7) is a direct consequence of the shallow water equations (1).
x N x N +1 Figure 1 : Mesh stencil showing the numbering of elements and nodes with index k and j, respectively. Note that j = k for k = 1, . . . , N.
Power conserving property and energy balance
The Stokes-Dirac structure is always associated with a power conserving property stated as
Substituting the definitions of f h , f u , f b , e h , e u and e b in (8), we get
Manipulating the first term in (9), the energy balance equation arises as follows
3 Finite dimensional Port-Hamiltonian Formulation A finite dimensional Port-Hamiltonian formulation is obtained by approximating the flows and efforts such that they are compatible with the Stokes-Dirac structure and satisfy both the power conserving property and the energy balance equation.
Preliminaries
The flow domain Ω :
, where x j and x j+1 are the spatial coordinates of its nodes as shown in Fig. 1 . On each finite element K k , the one forms of water depth and velocity field are approximated aŝ
where ψ := dx is a one form with * ψ = 1,h k (t) is the mean water depth and u k (t) is the mean velocity of the fluid in the finite element K k . Subsequently, the approximation of flows are directly given aŝ
As a consequence, the flows are piecewise constant per finite element K k and discontinuous across the nodes in the domain.
To satisfy the energy balance and mass conservation, the efforts e h = B and e u = Q are approximated with linear polynomials per element K k such that they are continuous across each node. The approximation of efforts in each finite element K k is therefore given aŝ 
Discretization of the Stokes-Dirac structure
The discrete port-Hamiltonian formulation starts by substituting the approximations of flows (12) and efforts (13) per finite element K k in the flow-effort relations of the Stokes-Dirac structure (7) to get
The choice of approximation of flows with piecewise constants and efforts with piecewise linear polynomial is made such that the flow-effort relation (15) is non-degenerate. Integrating (15) over the finite element K k , the evolution of flows in terms of efforts per finite element emerge as
with ∆x k = x j+1 −x j . The flow and effort approximations together with the boundary effort variables (14) automatically satisfy the power conserving property per finite element as follows
The power conserving property (17) is deduced by using (12)- (14) in (8) and substituting (16) . Having obtained a discretization for the Stokes-Dirac structure, it now remains to discretize the Hamiltonian and satisfy energy balance. The Hamiltonian (or energy) is discretized in each finite element K k as
whereb(x) :=b k * ψ is the approximated bed height. The co-energy variables of the discretized HamiltonianH k are then defined as
We now enforce the following energy balance
by relating the efforts and co-energy variables at the interior nodes as
and at the boundary nodes as
with α j + β j = 1, α j ∈ R an arbitrary value for any j = 2, . . . , N,Q 0 andQ L are the given inflow or outflow discharges at x = 0 and x = L, respectively. For a solid wall boundary, the inflow or outflow discharge is simply set to zero and for periodic boundaries, the boundary efforts are determined by making the two boundary nodes as a single interior node to obtain
with α 1 +β 1 = 1 and α 1 an arbitrary value. The flow-effort relations (16) together with the efforts determined in (21)-(23) constitute the Port-Hamiltonian discretization.
Remark 1.
To determine the efforts at each node j from the co-energy variables using (21), there remains several choices for α j or β j and can be arbitrarily chosen. In all the test cases, we made a simple choice of α j = β j = 1/2.
Discrete conservation properties
Proposition 1. The Port-Hamiltonian discretization (16), (21) and (23) satisfy the mass and energy balance as follows
where, M := N k=1h k ∆x k is the total mass and E := N k=1H k the total energy. Proof. The proof of mass balance is straightforward; evaluating the time derivative on total mass M using (16):
To prove the energy balance, we first evaluate the time derivative on total energy E using (16) to find
Rearranging the summation over elements in (26) into a summation over nodes and substituting the efforts determined in (21)-(23), we further find
for a given inflow or outflow boundary conditions. For periodic and solid wall boundaries, we find that dE/dt = 0. Hence proved.
Time discretization
The Port-Hamiltonian discretization (16) and (21)-(23) takes the following form:
with y = (h 1 ,ū 1 , . . . ,h N ,ū N ) T the unknown flow variables and F (y) the nonlinear right hand side obtained after substituting efforts (21)-(23) and co-energy variables (19) into RHS of (16) . To integrate the ordinary differential equations (28) in time, we employ an implicit mid-point time discretization to get L(y n , y n−1 ) := y n − y n−1 − ∆t F (y n + y n−1 )/2 = 0,
where L(y n k , y n−1 k ) represents the nonlinear algebraic equations. The implicit midpoint scheme is a second-order symplectic method [8] 
Numerical Examples

Burgers equation
On a flat bed, the one dimensional nonlinear shallow water equations take the form of Burgers' equation ∂ t q + q∂ x q = 0, when one of its Riemann invariants is taken 
gh. An implicit exact solution is then constructed as h(x, t) = (q(x, t) − c) 2 /(9g) and u(x, t) = (c − 2q(x, t))/3 (32) with q(x, t) = q 0 (x ′ ) and x = x ′ +q 0 (x ′ )t, where q(x, 0) = q 0 (x) is the initial condition. Now for any given initial condition q 0 (x) with dq 0 /dx < 0 somewhere, wave breaking occurs at time t b = −1/ min(dq 0 /dx).
We choose the initial condition as q 0 (x) = sin(πx) with x ∈ [0, 2], g = 1, c = 3 and use periodic boundary conditions along x. In our numerical simulation, this smooth initial condition develops into a discontinuity at time t b = 1/π as in the case of exact solution, see Fig. 2(a) . Fig. 2(b) shows that the total discrete energy is conserved in time demonstrating the advantage of the Port-Hamiltonian based numerical scheme. We then compute the numerical errors in L 2 and L ∞ norms and the respective orders of accuracy for water depth h and velocity u at various instants of time on different mesh sizes, presented in Table 1 . The order of accuracy in Table 1 clearly suggests that the numerical scheme is first-order accurate. 
Flow over a bump
Analytical solutions for steady subcritical and supercritical flows over a given parabolic bump are given by Houghton and Kashara [9] . The parabolic bump is taken as b(x) = with Q c = 1, B c = 25.5 and g = 25 such that the Froude number F = u/ √ gh < 1. We initialize this steady exact solution in our numerical scheme and simulate until a steady state is numerically achieved with inflowQ 0 = 1 and outflowQ L =Q N boundary conditions. (see Fig. 3 ). At steady state, the errors and order of accuracy of water depth h and velocity u presented in Table 2 again shows that the scheme is first-order accurate. with A the amplitude, k = 2πm/L the wave number, ω the frequency, T = 2π/ω the time period, L the length of the domain, H the average water depth, ω 2 = k 2 gH the dispersion relation, m any integer, and periodic boundary conditions. The Port-Hamiltonian scheme for linear shallow water equations is easily derived by treating h as η and defining B := gη and Q := Hu.
Linear harmonic waves
We first initialized the exact solution (36) in the numerical scheme for linear shallow water equations setting A = 0.01, L = 1, m = 1, g = 1 and H = 1. Linear harmonic waves are then simulated for 50 time periods on grids of size 20, 40, 80 and 160 elements with time step ∆t = T /32, T /64, T /128 and T /256, respectively. Subsequently, we display the plots of free surface perturbation η(t, x) at time t = 50T and the discrete energy w.r.t time in Fig. 4 . It is clearly observed that discrete energy is conserved and consequently, there is no dissipation in the amplitude of the waves even after 50 time periods. However, the numerical scheme displays a dispersion error in the simulated waves which decreases from coarse to fine grids. Further, to show that the scheme is first-order accurate, we present numerical errors and orders of accuracy in Table. 3 at various time instants.
Second, we initialized harmonic waves (36) in the Port-Hamiltonian scheme for nonlinear shallow water equations with h(t, x) := H + η(t, x) and simulated until the smooth initial linear waves break because of the nonlinearity. To demonstrate these effects of nonlinearity, we compare the space-time evolution of harmonic waves using linear and nonlinear schemes in Fig. 5 .
Standing waves
The one-dimensional linear shallow water equations (35) also satisfy a standing wave solution, η(x, t) = A cos(kx) cos(ωt) and u(x, t) =
Agk ω sin(kx) sin(ωt)
with solid wall boundary conditions at x = 0 and x = L. Standing wave solution (37) is initialized in the numerical scheme for linear shallow water equations setting A = 0.01, L = 1, m = 1, g = 1 and H = 1. Comparison of the numerical solution of standing wave against its exact solution after one time period and the discrete energy conservation in time is shown in Fig. 6(a) and (b). Numerical errors and the corresponding orders of accuracy tabulated in Table 4 infers that the scheme is first-order accurate. Figure 6 : Left: Comparison of exact and numerical solution of free surface perturbation η(t, x) at time t = T . Exact solution is marked with "*" and numerical solution for 20 elements marked as "• − •", 40 elements as " − ", 80 elements as "⋄ − ⋄" and 160 elements as "−". Right: Total discrete energy in the computational domain with a grid of 20 "..", 40 "-.-", 80 "--" and 160 "−" elements.
Conclusions
A finite-dimensional Port-Hamiltonian formulation for the nonlinear shallow water equations denned with respect to a Stokes' Dirac structure is presented. The key advantage of this formulation is that the physical properties of the infinite-dimensional model, such as mass and energy conservation, are directly translated into the finitedimensional model. Thus, the finite-dimensional model of shallow water equations preserves discrete mass and energy in time.
It is useful to extend the present formulation to the shallow water equations in two dimensions and capture its important physical properties such as the conservation of potential vorticity and enstrophy that are of great interest in oceanographic and meteorological studies. An important aspect of the Port-Hamiltonian formulation is that it accommodates the flow control design through energy shaping methods. It remains open to develop such a control design even for these simple open channel flows.
The Port-Hamiltonian based numerical scheme for the shallow water equations is developed and verified against exact solutions. This numerical scheme uses a implicit mid-point time discretization that is symplectic and preserves the discrete energy to sufficient precision in time. The present numerical scheme is first order accurate and only valid for smooth open channel flows as the underlying governing equations are in the primitive form. For non-smooth flows, the conservative form of shallow water equations are required as they satisfy the jump conditions at the bores or hydraulic jumps with the correct energy dissipating conditions. This was beyond the scope of our present work.
